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We obtain a new solution of the Einstein-anti-Maxwell theory with cosmological constant, called
anti-Reissner-Nordstrom-(A)de Sitter (anti-RN-(A)dS) solution. The basic properties of this so-
lution is reviewed. Its thermodynamics is consistently established, with the extreme cases and
phase transitions, where the analysis is performed through two methods, the usual one and that
of Geometrothermodynamics . The Geometrothermodynamics analysis does not provide a result
in agreement with the usual method or by the specific heat. We establish local and global ther-
modynamic stabilities of anti-RN-AdS solution through the specific heat and the canonical and
grand-canonical ensembles.
PACS numbers: 04.70.-s; 04.20.Jb; 04.70.Dy.
I. INTRODUCTION
The discovery made by Hawking [1], that black holes radiate particles by gravitational interaction near the
event horizon, being interpreted as the temperature of the black hole, allowed numerous conjectures for various
thermodynamic systems for a variety of black holes solutions in General Relativity, and other modifications of gravity.
This analysis of thermodynamic systems of black holes, as well as the usual thermodynamics, have their base in four
postulates, called zero law and three other laws, by analogy to the usual system of thermodynamics [2, 3]. This
becomes quite interesting, since each new black hole solution can possess a different thermodynamic system, but
which is ruled by laws, or fundamental principles, which are often up to universal, as in usual thermodynamics. The
resulting properties of these principles can give us good indications on the local or global stability of these systems,
so a good criterion for finding a solution that can be physically acceptable or not.
The thermodynamic properties of a black hole solution can be analysed in many ways. One of them is the usual
study made by Davies [4]. But there are other methods well established both physically and mathematically, which
are similarly used to study the thermodynamic properties, such as that of the Geometrothermodynamics [5] and that
of Hamiltonian thermodynamics [6]. Our main goal here is to use the first two methods in parallel in order to facilitate
comparison of the results and their analysis. Because these methods can give us a good notion of the thermodynamic
stability of the system, we will study the properties of a new black hole solution obtained for the first time in this
work. This solution has a unique feature which may seem strange at a first sight. It arises from a coupling of a field
of spin 1, with gravitation, which may be the usual Maxwell one, or with a contribution of negative energy density,
called phantom solution.
Before beginning the analysis of this new class of phantom black holes, we will briefly present our interest in obtaining
and studying such exotic solutions. With the discovery of the acceleration of the universe, various observational
programs of the study of the evolution of our universe were deployed, including the relationship of the magnitude-
versus-redshift type Ia supernovae and the spectrum of the anisotropy of the cosmic microwave background. These
programs promote an accelerated expansion of our universe, which should be dominated by an exotic fluid and should
have a negative pressure. Moreover, these observations show that this fluid can be phantom, i.e., with the contribution
of negative energy density [7, 8].
As the interest in obtaining these classes has increased, we also found ourselves wanting to analyse a specific
phantom model. We can mention here some recent results in the literature, such as the wormhole solutions [9], the
black hole solutions of Einstein-Maxwell-Dilaton theory, [10], the higher-dimensional black holes by Gao and Zhang
[11], and the higher-dimensional black branes by Grojean et al [12]. Analyses were also made in algebraic structures of
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2this type of phantom system, as the case of the algebra generated by metrics depending on two temporal coordinates,
with D ≥ 5, which provides phantom fields in 4D, fulfilled by Hull [13], and Sigma models by Clement et al [14]. Here,
we will obtain and study the thermodynamic properties of a solution arising from the coupling of Einstein-Hilbert
action with a field of spin 1 and a cosmological constant.
One way to analyse the thermodynamics of black holes that has been widely used is the geometry, for which a
thermodynamic phase space is defined, which is metric, and from differential geometry all of the information of the
properties of the system is removed. These methods provide us, through the curvature scalar of the space phase, if the
system presents thermodynamic interaction, showing were the localisation of the point of the limit of extreme black,
and where and when the system passes through a phase transition, and finally, if the system is locally or globally stable
or not. These methods have originated in the work of Rao [15], which was subsequently developed by other authors
[16]. Other works that have gained attention in the analysis of the thermodynamics of black holes by differential
geometry were those of Weinhold [17] and Ruppeiner [18, 19]. We use here the so-called Geometrothermodynamics
method, however, comparing with the more commonly method, used for the verification and interpretation of the
obtained results. Geometrothermodynamics appears to be a method which is equivalent or superior in some ways, as
for example, due to the invariance of Legendre transformations and to the consistency of the results in the various
selected ensembles. This superiority can also be evidenced in the description through only one mathematical structure
by this method, in contrast to the many steps that the usual procedure uses to study the points of second order phase
transition, the local and global stabilities, the fluctuations of second order, the correlations and the representations
in various ensembles. Recently, this method has gained some attention by the scientific community [20]-[38]. This
case, which we will study, is a good test for this method because some difficulties already appeared in the utilization
of this method applied to phantom solutions, showing some weakness, or even limitation of the method [39].
This paper is organized as follows. In section 2, we present a summary of what to obtain a new class of solutions
studied, arising from the Einstein-(anti)Maxwell theory, and how to obtain their thermodynamic quantities. In section
3, we summarize the method of Geometrothermodynamics. In section 4, we apply the method of Geometrothermo-
dynamics for a new black hole solution and the Reissner-Nordstrom-AdS solution. In section 5, the conclusions and
perspectives are presented.
II. THE FIELD EQUATIONS AND THE SOLUTIONS OF PHANTOM
REISSNER-NORDSTROM-(A)DS
The action of this theory is given by
S =
∫
d4x
√−g [R+ 2ηFµνFµν + 2Λ] , (1)
where the first term characterizes the Einstein-Hilbert action, the second is the coupling with the Maxwell field
(η = 1), or a phantom field of spin 1 (η = −1), and finally the third term is the coupling with the cosmological
constant, which can behave as Λ > 0 (dS) or Λ < 0 (AdS). The nomenclature known as phantom is due to the fact
that the energy density of the field of spin 1 is negative, for η = −1.
The conventions adopted here are with the description of the metric whose the signature is + − −−, the Ricci
tensor defined as Rµν = ∂αΓ
α
µν − ∂νΓααµ + ΓλµνΓααλ − ΓλαµΓαλν , where Γαµν is the connection of Levi-Civita, and
the covariant derivative defined by ∇µVν = ∂µVν − ΓλµνVλ. The Maxwell 2-form is given by F = 12!Fµνdxµ ∧ dxν ,
with the components Fµν = ∂µAν − ∂νAµ, Aµ being the four-potential.
Making the functional variation of the action (1), with respect to the fields Aµ and gµν (components of the spacetime
metric), we get the following field equations{ ∇µFµν = 0 ,
Rµν = 2η
(
1
4gµνFαβF
αβ − F αµ Fνα
)− Λgµν , (2)
where we used R = −4Λ. Considering a static and spherically symmetric spacetime, we can write the line element as
ds2 = e2γ(r)dt2 − e2α(r)dr2 − e2β(r) (dθ2 + sin2 θdφ2) . (3)
Thus, the first equation of (2) becomes
F 10 = q e−(α+γ+2β) , FµνFµν = −2q e−4β , (4)
where q is a real integration constant. Substituting (4) into the second equation of (2), we get
γ′′ + γ′ (γ′ − α′ + 2β′) = e2α (ηq2 e−4β − Λ) ,
γ′′ + 2β′′ + γ′ (γ′ − α′) + 2β′ (β′ − α′) = e2α (ηq2 e−4β − Λ) ,
e2(α−β) − [β′′ + β′ (γ′ − α′ + 2β′)] = e2α (ηq2 e−4β + Λ) , (5)
3where ′ denotes the derivative with respect to the radial coordinate r. Then, we choose the quasi-global coordinate
system
α(r) = −γ(r) , β(r) = ln(r) , (6)
and the second equation of (5) becomes(
e2γ
)′′
+
2
r
(
e2γ
)′
= 2
(
η
q2
r4
− Λ
)
. (7)
Integrating (7), we obtain the following line element and Maxwell field (or phantom) as solutions of the equations of
motion of the action (1)
ds2 = f(r)dt2 − [f(r)]−1 dr2 − r2 (dθ2 + sin2 θdφ2) , (8)
F = − q
r2
dr ∧ dt , f(r) = 1− 2M
r
− Λ
3
r2 + η
q2
r2
. (9)
Again, the mass M and the constant 1, of f(r), are determined for satisfying the newtonian limit when Λ = 0, the
spacetime being asymptotically that of Minkowski. The solution (8) is that of Reissner-Nordstrom-(A)dS (RN-AdS),
for η = 1, and that of anti-Reissner-Nordstrom-(A)dS (phantom or anti-RN-AdS), for η = −1.
The horizons of this solution can be determined by the roots of f(r). We can obtain only two real roots for the
equation f(r) = 0, which are the external horizon r+ (events horizon), or internal horizon r− , where 0 < r− < r+,
for η = 1, and r− < 0 < r+, for η = −1. We are just interested to the anti-Reissner-Nordstrom-AdS solution(Λ < 0),
and to value of r+, which can be represented as [62]
r+ =
1
2
(
√
x+
√
6
Λ
− x− 12M
Λ
√
x
)
, (10)
x = A+B +
2
Λ
, A = − 3
√
2
y
(
1− 4ηΛq2
Λ
)
, B = − 3
√
y
32
(
3
Λ
)
, (11)
y = 2− 36ΛM2 + 24ηΛq2 +
√
(2− 36ΛM2 + 24ηΛq2)2 − 4(1− 4ηΛq2)3 . (12)
The causal structure of the new anti-Reissner-Nordstrom-AdS (anti-RN-AdS) solution, firstly obtained in this work,
is identical to the Schwarzschild solution, but with timelike infinite spacial (r →∞), as shown in Figure 1.
The first lozenge at the right side of the diagram represents a region of space-time with the usual asymptotic region,
characteristic of asymptotically AdS spaces. There also exists the possibility to pass through the horizon r+ to another
region, causally disconnected from the first one, and which possesses a spacelike singularity in r = 0.
The motion of neutral or charged particles can be performed in the same way as in [41]-[45], following the symmetry
q2 → −q2, as evinced in the solution (8), which is the crucial difference between the physical interpretations of solutions
of RN-AdS and anti-RN-AdS. This aspect deserves to be widely developed and therefore, we intend to address it as
the main subject of a future work.
For studying the thermodynamic properties of this solution, it is necessary to express the mass M in terms of the
radius of the events horizon r+ and the charge q as follows. Equating g00 = f(r) to zero, we get
M =
r+
2
(
1− Λ
3
r2+ + η
q2
r2+
)
. (13)
Now, we are interested to do a geometrical analysis, representing the semi-classical effects of the gravitation of the
black hole solutions previously cited, i.e, quantizing other fields called matter field, treating classically the gravitational
field as the background. Then, we will make the semi-classical thermodynamic of black holes, initiated by Hawking
[1] and developed posteriorly by other authors [46].
There exist various forms of obtaining the Hawking temperature, as for example by the Bogoliubov coefficients [47],
the metric euclidianization [48], by the energy-momentum tensor [4, 46], by the transmission and reflection coefficients
[49–52], by the analysis of the anomaly term [53] and by the superficial gravity of black hole [54]. Until now, these
methods appear to be equivalent [55], therefore, we propose to use in this work the method of the calculation of the
Hawking temperature through the superficial gravity.
The superficial gravity of a black hole is given by the expression [56]:
κ =
[
g′00
2
√−g00g11
]
r = r+
, (14)
4Figure 1: Carter-Penrose diagram for the new anti-RN-AdS solution.
where r+ is the radius of the events horizon and the Hawking temperature is related with the superficial gravity by
the expression [1, 54]:
T =
κ
2pi
. (15)
Then, for the case of black hole (8), we find that the superficial gravity (14) is
κ =
M
r2+
− Λ
3
r+ − η q
2
r2+
, (16)
in which, substituting the mass (13), yields
κ =
1
2r+
(
1− Λr2+ − η
q2
r2+
)
. (17)
and the Hawking temperature (15), in this case, is :
T =
1
4pir+
(
1− Λr2+ − η
q2
r2+
)
. (18)
We define the area of the black hole horizon as
A =
∫ 2pi
0
∫ pi
0
√
g22g33 dθdφ
∣∣∣
r=r+
= 4pir2
∣∣∣
r=r+
= 4pir2+ . (19)
Thus, one can define the entropy of the black hole by [2]
S =
1
4
A = pir2+ . (20)
We also calculate, from (9), the electric potential at the events horizon as
A0 =
∫ r
+∞
F10(r
′)dr′
∣∣∣
r=r+
=
q
r+
. (21)
Through the equations (13) and (20), we can take the differential of the mass and of the entropy{
dM = 12
(
1− Λr2+ − η q
2
r2+
)
dr+ + η
q
r+
dq ,
dS = 2pir+dr+ ,
(22)
which, with (18) and (21), satisfy the first law of the thermodynamics of black holes [2]
dM = TdS + ηA0dq . (23)
Note that the first law is generalized for the case anti-RN-AdS, with η = −1, where the sign of the second term, which
is related to the work, changes due to the contribution of negative energy to the system.
We can correctly establish the study of the thermodynamics of the anti-RN-AdS system. From the equation (20)
we get r+ =
√
S/pi, and inserting it in (13), one gets
M(S, q) =
1
2
(
S
pi
)3/2(
pi
S
− Λ
3
+ ηpi2
q2
S2
)
. (24)
5From (23), we obtain the following equations of state(
∂M
∂S
)
q
= T ,
(
∂M
∂q
)
S
= ηA0 . (25)
From the expression (24), we see that the equations of state (25) are satisfied. Now, we have all the required ingredients
for doing an analysis of the thermodynamic system for the RN-AdS phantom solution. In next section, we will present
a brief summary of Geometrotermodynamic method, which will be applied later.
III. THE GEOMETROTHERMODYNAMICS
The method of Geometrothermodynamics (GTD uses the differential geometry tool for representing a physical
thermodynamic system. With this, we can construct a mathematical space where all the thermodynamic quantities can
be defined, extensive and intensive, also the postulates and equations of state. Let us consider a (2n+1)−dimensional
space T, whose the coordinates are thermodynamic potential Φ, extensive variables Ea and intensive variables Ia,
where a = 1, ..., n. If the space T possesses a non-degenerated metric GAB(ZC), where ZC = {Φ, Ea, Ia}, and a Gibbs
1-form Θ = dΦ− δabIadEb, where δab is the Kronecker delta, then if the condition Θ ∧ (dΘ)n 6= 0 is satisfied, the set
(T,Θ, G) is called contact Riemann manifold [57]. The space T is called thermodynamic phase space.
One can also define a n-dimensional subspace E ⊂ T with extensive coordinates Ea and a map ϕ : E → T, with
Φ ≡ Φ(Ea), such that
ϕ∗(Θ) ≡ 0⇒
{
dΦ = δabI
adEb ,
∂Φ
∂Ea = δabI
b .
(26)
Then, we call E by the space of equilibrium thermodynamic states, and the first equation of (26) by “first law of
thermodynamics”, and the second equation by the condition for thermodynamic equilibrium. We impose “the second
law of thermodynamics” as a required condition:
± ∂
2Φ
∂Ea∂Eb
≥ 0 , (27)
where the sign (±) depends on the chosen thermodynamic potential. In the mass case we get the sign (+) and for
the entropy case we get (−). This condition is known as convexity of the thermodynamic potential. The pullback
ϕ∗ : T ∗(T)⊗ T ∗(T)→ T ∗(E)⊗ T ∗(E)[63], induces a metric in E, such that ϕ∗(G) = g.
Hernando Quevedo has improved probable metric G for the GTD, such that for the case of black holes, it can be
written as follows [5]
dL2 = GABdZ
AdZB = Θ2 +
(
δabE
aIb
) (
ηabdE
adIb
)
, (28)
where ηab = {±1, 1, ..., 1}, for which the second order phase transition leads to ηab = {−1, 1, ..., 1}. Pullback ϕ∗
induces a metric in E:
dl2 = gabdE
adEb =
∂ZA
∂Ea
∂ZB
∂Eb
GABdE
adEb,
=
(
Ec
∂Φ
∂Ec
)(
ηadδ
di ∂
2Φ
∂EiEb
)
dEadEb . (29)
Since the thermodynamic system does not depend on the choice of the thermodynamic potential and is invariant by
the Legendre transformations, we find that the metrics (28) and (29) are defined in such a way to remain invariants
under the Legendre transformations as follows:
Φ = Φ̂− δabÊaÎb , Ea = −Îa , Ib = Êb . (30)
The n-dimensional space E, whose the metric is gab, is used for interpreting the thermodynamic interactions, phase
transitions and fluctuations or stability of the thermodynamic system. Through the metric (29), we can calculate the
curvature scalar R, which provides two interpretations: whether there exist thermodynamic interaction and phase
transition, and at which point of the space of thermodynamic equilibrium states they occur.
We have seen that a metric of the space of thermodynamic equilibrium states E can be obtained by the pullback
of the metric of the contact Riemann space. By the definition of the line element (29), of the space E, one can define
6the distribution of probability in the interval Ea + dEa for finding the physical state with the extensive variable Ea,
by
P (Ea) =
√
det [gab]
(2pi)
n
2
exp
[
1
2
gabdE
adEb
]
, (31)
where P (Ea) satisfies ∫ n∏
a=1
dEaP (Ea) = 1 . (32)
By deriving (31) with respect to V −1, where V is the volume of the system, the expression for the second fluctuations
can be obtained (in the thermodynamic limit V →∞) [58]
〈∆Ea∆Eb〉 = −gab , (33)
where ∆Ea = Ea − Ea(0) and gab is the inverse of gab. The unities must be adjusted with a realistic analysis. In the
case where the fluctuations are real and small the system is stable.
Another criterion used for determining the stability is through the following objects
p
(1)
1 = g11 > 0 , p
(2)
1 = g22 > 0 , ... , p
(n)
1 = gnn > 0 , (34)
p
(1)
2 =
∣∣∣∣ g11 g12g12 g22
∣∣∣∣ > 0 , p(2)2 = ∣∣∣∣ g22 g23g23 g33
∣∣∣∣ > 0 , (35)
p
(1)
3 =
∣∣∣∣∣∣
g11 g12 g13
g12 g22 g23
g13 g23 g33
∣∣∣∣∣∣ > 0 , pn = det [gab] > 0 . (36)
The positive (negative) sign of pn, which depends on the choice of the thermodynamic potential, gives us the notion
of the local stability (instability) of the thermodynamic system and the fulfilment of [59]
pi > 0 , i = 1, ... , n , (37)
informs us that the system is globally stable.
Since we are not studying rotating black holes, another mechanism for determining the global stability (instability)
is the Helmholtz free energy. In thermodynamic variables of black holes, the Helmholtz free energy is a Legendre
transformation of the mass (energy) M(S, q):
F (T, q) = M(S, q)− TS . (38)
When
F (Ea) < 0 , ∀Ea (Ea ∈ I(Ea)) , (39)
where I(Ea) is an interval and Ea are the extensive variables, the thermodynamic system is globally stable. In the
usual case of the thermodynamics the Helmholtz free energy is given by F (T, V ) = U − TS.
We can also define the Gibbs potential as
G(T,A0) = M(S, q)− TS − ηA0q , (40)
and the global stability is given by
G(Ea) < 0 , ∀Ea (Ea ∈ I(Ea)) , (41)
where we introduced the sign of η in (40) for compensating the contribution of the thermodynamic work. Thus, we
will use the Gibbs potential for determining the global stability of the thermodynamic system. In the next section, we
will explain these methods for the study of the thermodynamic properties of the RN-Ads and anti-RN-Ads solutions.
7IV. TERMODYNAMICS OF PHANTOM REISSNER-NORDSTROM-ADS BLACK
HOLE
A. Geometrothemodynamics Application
We start defining the thermodynamic variables of the system. For the cases of black holes coming from the
Einstein-Maxwell theory, we always will get a solution with two physical parameters, the mass M and the charge
q. Other elements which could be defined from these two parameters are the entropy S, the temperature T and the
electric potential scalar A0. The contact Riemann manifold T in this case is a 5-dimensional space and the space of
thermodynamic equilibrium states E is a 2-dimensional submanifold.
The description of the thermodynamics is that of the mass representation M(S, q) in (24), as thermodynamic
potential Φ, defined in the previous section. The extensive variables are the entropy S and the charge q, which was
represented by the coordinates Ea. The intensives variables are the temperature T and the electric potential A0,
which was represented by the coordinates Ia.
Hence, we have the coordinates of the thermodynamic phase space T as ZA = {M(S, q), S, q, T,A0}, and the Gibbs
1-form is given by [64]
ΘM = dM − TdS − ηA0dq , (42)
such that we have ϕ∗(ΘS) = 0, resulting into the first law of the thermodynamics of black holes dM = TdS + ηA0dq
(η = ±1).
The line element (28), of the space T, for a phase transition of second order is given by
dL2 = (dM − TdS − ηA0dq)2 + (TS + ηA0q) [−dSdT + d (ηA0) dq] . (43)
The first law, second law and the equations of state at the equilibrium are given by
dΦ = δabI
adEb → dM = TdS + ηA0dq , (44)
∂2M
∂S2
,
∂2M
∂S∂q
,
∂2M
∂q2
6 0 , (45)
∂Φ
∂Ea
= δabI
b → ∂M
∂S
= T ,
∂M
∂q
= ηA0 . (46)
Now, we must specify the anti-RN-AdS solution(8). The line element (29) of the space of thermodynamic equilibrium
states, taking into account (24), is given by
dl2 =
(
S
∂M
∂S
+ q
∂M
∂q
)(
−∂
2M
∂S2
dS2 +
∂2M
∂q2
dq2
)
, (47)
= gSSdS
2 + gqqdq
2, (48)
gSS =
(
piS − ΛS2 + 3ηpi2q2
4piS
)(
ΛS2 + piS − 3ηpi2q2
8pi2S2
)
, (49)
gqq = η
(
piS − ΛS2 + 3ηpi2q2
4piS
)
. (50)
We recall here that the phantom contribution may change the signature of the space metric E. For calculating the
scalar of curvature associated to the metric (48), we can use the formula of a scalar of a two dimensional space:
R(M, q) = − 1√|det[g]|
[
∂q
(
∂qgMM − ∂MgMq√|det[g]|
)
+ ∂M
(
∂Mgqq − ∂qgMq√|det[g]|
)]
− det[HS ]
2 (det[g])
2 , (51)
HS =
 gMM gMq gqq∂MgMM ∂MgMq ∂Mgqq
∂qgMM ∂qgMq ∂qgqq
 . (52)
The scalar (51) is given by
R(S, q) = −16pi3S2
(
5Λ3S5 + piΛ2S4 − 2pi2ΛS3 + 18ηpi4Sq2 + 15ηΛpi3S2q2 +
+ 6ηΛ2pi2S3q2 − 18pi5q4 − 63Λpi4S
)/(
ΛS2 + piS − 3ηpi2q2)2 (ΛS2 − piS − 3ηpi2q2)3 . (53)
8The root of the numerator of (53) can not be found algebraically, therefore, we perform a numerical analysis here.
By the use of a mathematical software, we find the roots of the scalar of curvature R(M, q) in (53) for the values of
the entropy S1(q = 0.25) = 0.166306 and S2(q = 0.25) = 2.76001 when η = −Λ = 1; and S3(q = 0.1) = 0.864182 and
S4(q = 0.1) = 2.22539 when η = Λ = −1. The points where the scalar R(M, q) diverges are given by the values of the
entropy S5 = −(pi/2Λ)(1 +
√
1 + 12ηΛq2), S6 = −(pi/2Λ)(−1 +
√
1 + 12ηΛq2) and S7 = −(pi/2Λ)(1−
√
1 + 12ηΛq2).
All the other points are negative or complex values for the entropy and have been rejected. We chose the values
of the cosmological constant Λ and the electric charge q which are better closed to the most known results in the
literature. Here we have basically chosen two values of electric charge, q = 0.1 and q = 0.25, and a single value for
the cosmological constant Λ = −1.
For confirming the consistency of our analysis, we can calculate in the usual thermodynamic way the specific heat
by the expression
Cq =
(
∂M
∂T
)
q
=
(
∂M
∂S
)
q
/(∂2M
∂S2
)
q
, (54)
which leads to
Cq = 2S
(−piS + ΛS2 + ηpi2q2)
(piS + ΛS2 − 3ηpi2q2) . (55)
The roots of (55) give the values where the black hole is extreme, which are S8 = −(pi/2Λ)(−1 +
√
1− 4ηΛq2) and
S9 = (pi/2Λ)(1 +
√
1− 4ηΛq2) < 0, where the last value has been rejected since it is negative (Λ < 0). The values S8
and S9 can be obtained directly by setting the temperature (18) equal to zero and substituting r+ =
√
S/pi. The points
where the specific heat diverges, i.e., the points of phase transition, are S5 and S7 given previously. More particularly,
here, where only the value of S5 is positive for the case anti-RN-AdS, i.e., this case possesses just one point of phase
transition. This result is in agreement with that known in the literature, which commonly is demonstrated for the
specific heat in terms of the events horizon [60], which in our case is a direct substitution of (20).
We present the graphics of the scalar of curvature (53) and the specific heat (55) in function of the entropy, for
the fixed value of the electric charge q = 0.25[65], in the Figures 2-5. For the case RN-AdS, Figures 2 and 3, the
unique root for the specific heat is S8(q = 0.25) = 0.185407, which differs from the two values which make the scalar
of curvature vanishing, S1(q = 0.25) = 0.166306 and S2(q = 0.25) = 2.76001. The points of phase transition are
identical, located in S5(q = 0.25) = 2.35619 and S7(q = 0.25) = 0.785398. In the anti-RN-AdS case, for q = 0.1,
there is any root for which the specific heat vanishes, but there are two roots for which the scalar of curvature
vanishes, S3(q = 0.1) = 0.864182 and S4(q = 0.1) = 2.22539. The figures 4 and 5 show that the point of phase
transition for the specific heat is in S5(q = 0.25) = 3.64876, but for the curvature scalar, there are two points for
the phase transition, S5(q = 0.25) = 3.64876 and S6(q = 0.25) = 0.507172, different from the specific heat. Thus,
the Geometrothermodynamics method does not provide the same result for the analysis done by the specific heat of
the black hole, both for the RN-AdS and for the anti-RN-AdS cases. However, again, the analysis performed by the
Geometrothermodynamics method appears to be inefficient, as it has been shown in [39].
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Figure 2: Graph of the curvature scalar in function of the entropy S, for the RN-AdS case, with the electric charge q = 0.25 and the
cosmological constant Λ = −1. The main characteristics here are the roots S1 and S1 and the two points of phase transition S5 and S7.
B. Local and global stability
The local stability of a thermodynamic system can be studied commonly by the specific heat. But we can also study
the components of the metric of the space of thermodynamic equilibrium states E or the Hessian mass. About the
global instability of the system, it can be determined by the analysis of components of the metric E and all possible
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Figure 3: Graph of the specific heat in function of the entropy S, for the RN-AdS case, with the electric charge q = 0.25 and the cosmological
constant Λ = −1. The main traits here are the two points of phase transition in S5 and S7, an the root in S8.
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Figure 4: Graph of the curvature scalar in function of the entropy S, for the anti-RN-AdS case, with the electric charge q = 0.25 and the
cosmological constant Λ = −1. The main characteristics here are the two points of phase transition in S5 and S6.
determinants of them, by the Helmholtz free energy or by the Gibbs potential. We will study here the local and global
stabilities of the class of the black holes solutions of the type RN-AdS and anti-RN-AdS.
Let us start calculating the Hessian of the mass (24). The Hessian matrix of the mass is defined by
HS =
(
∂2M
∂S2
∂2M
∂S∂q
∂2M
∂S∂q
∂2M
∂q2
)
, (56)
which for (24) yields
HS =
(
3ηpi2q2−piS−ΛS2
8pi3/2S5/2
−η q
√
pi
2S3/2
−η q
√
pi
2S3/2
η
√
pi
S
)
. (57)
The components of the Hessian matrix assume clearly the positive and negative values, which implies the local
instability for the two solutions, RN-AdS and anti-RN-AdS.
We can also analyse the specific heat (55), but to do this, let us first study the temperature of the black hole (18).
The temperature can be written in terms of the entropy as follows
T (S, q) =
piS − ΛS2 − ηpi2q2
4(piS)3/2
. (58)
In the RN-AdS case the temperature is positive for S > Se, where the value for the extreme case is given by
Se = (−pi/2Λ)(−1 +
√
1− 4Λq2), zero for S = Se and negative for S < Se (unstable), which is in accordance with
[61, 62]. For the anti-RN-AdS case, the temperature is always positive for S > 0, then there isn’t the extreme case, as
we previously mentioned. The graphics of the Figures 6 and 7 are of temperature in function of the entropy for the
two cases. In the RN-AdS case, it is clear that T = 0 for Se, passing later by the maximum and decreasing slowly.
For the anti-RN-AdS case, the temperature starts very high, decreasing until a minimum and later increases more
slowly.
Now, using (58) we can write the specific heat (55) as follows
Cq =
8T (S, q)pi3/2S5/2
3ηpi2q2 − piS − ΛS2 . (59)
Analysing the sign of the specific heat for the RN-AdS case, we have a locally unstable phase where Cq < 0, for
S ∈ (S7, S5), where S5,7 = −(pi/2Λ)(1±
√
1 + 12ηΛq2) and Se < S7. The black hole is extreme in S = Se and one has
a local stable phase where Cq > 0, for S ∈ (Se, S7) or S > S5, with Se < S7, according to the graphic of the Figure 3.
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Figure 5: Graph of the specific heat in function of the entropy S, for the anti-RN-AdS case, with the electric charge q = 0.25 and the
cosmological constant Λ = −1. The main feature here is the point of phase transition in S5.
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Figure 6: Graph of the temperature in function of the entropy S, for the RN-AdS case, with the electric charge q = 0.1 and the cosmological
constant Λ = −1.
This also provides a value of the extreme charge, to the RN-AdS case, which is given by qe = 1/2
√
3 ≈ 0.28867513459
[61]. The anti-RN-AdS case, the graphic of the Figure 5 shows that there is no extreme case and the system is locally
stable for the condition S > S5, since Cq < 0 for 0 < S < S5.
We can also study the local and global stabilities by the metric components of the space of thermodynamic equilib-
rium states E in (47), as shown in the section 3. The sign of the metric components (47) for the RN-AdS case are given
by gSS > 0 for S ∈ (S7, S5), gqq > 0 for S > 0 and the determinant of the metric g > 0 for S ∈ (S7, S5). Collecting
the results, we observe that the system is locally and globally stable if S ∈ (S7, S5). This is not in agreement with
the analysis made by the specific heat. But for the anti-RN-AdS case, the components gSS , gqq and the determinant
g are always positive in disjunct intervals. Thus, there does not exist interval for which the system can be locally or
globally stable, contradicting again the result of the specific heat method.
Let us now study the global stability of these solutions. We can rewrite the mass and the electric potential in terms
of the entropy and of the electric charge as follows
M =
−ΛS2 + 3piS + 3ηpi2q2
6pi3/2
√
S
, A0 = q
√
pi
S
. (60)
Our analysis starts with the grand-canonical ensemble. Using (58) and (60), one can calculate the Gibbs potential
(40)
G =
ΛS2 + 3piS − 3ηpi2q2
12pi3/2
√
S
. (61)
Equating (61) with zero, one obtains
SG1,G2 =
(
− pi
2Λ
)(
3∓
√
9 + 12ηΛq2
)
. (62)
In the RN-AdS case, from the Gibbs potential, we get G < 0, which is a stable system for S ∈ (0, SG1) ∪ (SG2,+∞),
and this is in accordance with [62]. In the anti-RN-AdS case, one gets G < 0, which is a stable system only when
S > SG2. The graphs of the Gibbs potential for the two cases are presented in the Figures 8 and 9.
We can now analyse the canonical ensemble. The Helmholtz free energy (38), from (58) and (60), is given by
F =
ΛS2 + 3piS + 9ηpi2q2
12pi3/2
√
S
, (63)
which, equating to zero yields
SF1,F2 =
(
− 3pi
2Λ
)(
1±
√
1− 4ηΛq2
)
. (64)
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Figure 7: Graph of the temperature in function of the entropy S, for the anti-RN-AdS case, with the electric charge q = 0.1 and the
cosmological constant Λ = −1.
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Figure 8: Graph of the Gibbs potential, for the RN-AdS case, in function of the entropy S with the electric charge q = 0.1 and the
cosmological constant Λ = −1.
Now, through the canonical ensemble it seems that we get a inversion between the two cases, the normal and phantom.
In the RN-AdS case the system is stable, i.e, F < 0 for S > SF1. In the anti-RN-AdS case the system is stable for
S ∈ (0, SF2) ∪ (SF1,+∞). The graph of the Helmholtz free energy, for the two cases, are represented in the Figures
10 and 11.
V. CONCLUSIONS
We obtained a new solution of Einstein-anti-Maxwell theory with cosmological constant, called anti-RN-(A)dS
solution. We analysed the basic properties of this solution, such as the horizons. Later, we focused our attention on
the thermodynamics of the anti-RN-AdS solution.
We made a summary of the Geometrothermodynamic method. We applied the method to the solutions of types
RN-AdS and anti-RN-AdS, as well as the most usual methods of black holes thermodynamics. Considering the mass
as the thermodynamic potential, we obtained the scalar curvature (53) of the space E. This scalar possesses two
roots and two points of phase transition in each case. But these roots are not obtained by the specific heat method.
For the RN-AdS case, the unique root for the specific heat is S8(q = 0.25) = 0.185407, which differs from the two
values which cancel the scalar curvature S1(q = 0.25) = 0.166306 and S2(q = 0.25) = 2.76001. In anti-RN-AdS
case, there is any root for the specific heat, but there is two roots of the curvature, S3(q = 0.1) = 0.864182 and
S4(q = 0.1) = 2.22539. So, the Geometrothermodynamic method does not give us the same result of the analysis
made by the specific heat of the black hole, in both cases, i.e, RN-AdS and anti-RN-AdS. Again, the analysis made
by the Geometrothermodynamic method has been ineffective in some way, as in [39].
Then we analyse the local and global stability of these solutions, through the Hessian of the mass, of the components
and the determinant of the metric of the space of equilibrium thermodynamic states E, the specific heat, the Gibbs
potential and Helmholtz free energy. The local stability can not be established by the Hessian of the mass. For
a given interval of real values of the entropy, the local stability can be established for the two solutions, using the
specific heat. Using the components and determinant of the metric in E we do not obtain a result consistent with
to calculus by the specific heat. Finally, through the grand-canonical and canonical ensembles, we established the
global stability of the thermodynamic system of the two RN-AdS and anti-RN-AdS solutions. These ensembles seem
to produce results symmetric with each other.
Therefore, we showed the consistent construction of the thermodynamics of the anti-RN-AdS solution and its global
stability. This shows clearly that this solution is physically stable. We expect that this analysis of the thermodynamics
system made in this paper leads to a constraint to the spacetime geometry stability of this solution.
About the Geometrothermodynamics method, we hope that establishing a new metric of the thermodynamic space
T, we can interpret the results more consistently. We believe that the introduction ad hoc of the Lorentzian signature
(28), may have a more physical justification. In fact, when we introduce this metric we hare to impose the result
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Figure 9: Graph of the Gibbs potential, for the anti-RN-AdS case, in function of the entropy S with the electric charge q = 0.1 and the
cosmological constant Λ = −1.
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Figure 10: Graph of the Helmholtz free energy, for the RN-AdS case, in function of the entropy S with the value of the electric charge q = 0.1
and the cosmological constant Λ = −1.
that we expect to thermodynamic system. For example, when we introduced the Lorentzian metric, we imposed to
the thermodynamic system a possible second order phase transition. It will be necessary a greater understanding of
the geometry of contact Riemann manifold, such that we can introduce a metric arising from previously established
physical requirements, but which may offer posteriorly any known results.
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